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When dense high-energy lepton bunches collide, the beam particles can experience rest-frame
electromagnetic fields which greatly exceed the QED critical one. Here it is demonstrated that
beamstrahlung efficiently converts lepton energy to high-energy photons in this so-called supercrit-
ical QED regime, as the single-photon emission spectrum exhibits a pronounced peak close to the
initial lepton energy. It is also shown that the observation of this high-energy peak in the pho-
ton spectrum requires to mitigate multiple photon emissions during the interaction. Otherwise,
the photon recoil induces strong correlations between subsequent emissions which soften the photon
spectrum and suppress the peak. The high-energy peak in the photon spectrum constitutes a unique
observable of photon emission in the supercritical QED regime, and provides decisive advantages for
the realization of an efficient multi-TeV laserless gamma-gamma collider based on electron-electron
collisions.
A future (multi-)TeV lepton collider has to be linear in
order to mitigate energy losses via synchrotron radiation
[1]. As two colliding bunches cross only once in a linear
collider, extremely high particle densities are necessary
at the interaction point in order to achieve the luminosi-
ties required to search for physics beyond the standard
model [2–4]. As a result, beamstrahlung energy losses
become a decisive limiting factor, especially in the multi-
10 TeV regime [5–9].
Beamstrahlung is primarily characterized by the quan-
tum parameter χ = Υ = F ∗/Fcr [8], where F ∗ denotes
the electric field in the rest frame of a beam particle and
Fcr = m
2c3/|e|~ ≈ 1.3 × 1018 V/m is the QED criti-
cal (Schwinger) field (Fcr/c ≈ 4.4 × 109 T). For χ  1
the radiative energy loss of an unbound ultrarelativistic
charge is well approximated by the prediction of classical
electrodynamics, whereas for χ & 1 quantization effects
in the radiation field become decisive [10–12].
State-of-the-art linear lepton collider designs such as
CLIC and ILC [4] employ long and flat bunches in order
to minimize the total radiated energy during a bunch
crossing. Recently, it was suggested in Ref. [13] that
beamstrahlung could also be mitigated by colliding short
and round bunches and operating in the supercritical
QED regime (χ 1).
A different approach, which completely circumvents
the beamstrahlung problem, are gamma-gamma collid-
ers [6, 14–16]. The state-of-the-art concept to gener-
ate high-energy photons for a gamma-gamma collider is
based on Compton backscattering of two intense laser
pulses with two counterpropagating lepton bunches prop-
erly coordinated in space and time [6, 15–17]. How-
ever, Compton backscattering becomes increasingly more
challenging to realize with increasing center-of-mass en-
ergy [6, 16]. Notably, beamstrahlung itself could be used
to produce high-energy gamma photons [18, 19]. Here
we point out qualitative changes associated with the su-
percritical QED regime (χ 1), which result in decisive
advantages for realizing a laserless gamma-gamma col-
lider based on beamstrahlung.
Whilst the quantum regime χ . 1 is relatively well
explored theoretically [10, 12] (see [20–23] for recent
experiments), the supercritical regime χ  1 is still
poorly understood. When αχ2/3 & 1 (χ & 103), where
α = e2/(4pi0~c) ≈ 1/137 is the fine-structure constant,
radiative corrections become significant [10], and even
a complete breakdown of perturbation theory has been
conjectured [24, 25] (see also [26–29] for recent theoretical
studies and [13, 30–33] for proposals to probe this regime
experimentally). To circumvent theoretical uncertainties,
we focus on the regime χ 1 but αχ2/3  1.
In the following we show that qualitatively new fea-
tures appear in the photon emission spectrum in the su-
percritical regime. In particular, we demonstrate that
(i) for χ & 16 the single-photon emission probability ex-
hibits a pronounced peak close to the initial electron en-
ergy, such that the probability for an electron to emit
a single photon carrying almost all the electron energy
strongly increases, (ii) the single-emission photon spec-
trum can be observed in asymmetric electron-electron
beam collisions and provides direct quantitative infor-
mation on the average χ of the beam achieved in the col-
lision, (iii) when multiple photon emissions become dom-
inant, the high-energy peak in the total and, remarkably,
even in the single-photon emission spectrum vanishes.
On one hand, these findings are of intrinsic interest, as
they provide an experimental observable which bounds
the average χ of the beam actually achieved during the
interaction (see below), therefore overcoming limitations
due to, e.g., a variable impact parameter. On the other
hand, they are of decisive importance for designing a
laserless gamma-gamma collider by revealing an optimal
regime for efficient high-energy photon production. This
optimal regime is attained at χ 1 by properly shaping
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FIG. 1. Schematic setup. A pancake shape dense source
beam collides with an elongated cigar shape low-density probe
beam. The probe beam collides with a transverse impact pa-
rameter r, such that the source beam electric Er and magnetic
Br fields approach their maximum.
the colliding bunches such that most of the electrons of
the beam emit once while further emissions by the same
beam electrons remain subdominant.
Here we consider an asymmetric electron-electron col-
lider setup (see Fig. 1). A short dense pancake-shape
electron “source” beam collides head-on with an elon-
gated cigar-shape high-energy “probe” beam. For clarity,
source and probe beam parameters are denoted with the
subscript s and p, respectively. As the electromagnetic
field experienced by the probe beam particles changes
significantly as a function of the impact parameter, the
considered asymmetric setup avoids a trivial average over
different values of χ, which is always present in symmet-
ric collisions. In comparison with symmetric collisions
the “source” beam provides the strong field, i.e., its lon-
gitudinal bunch length (`s), transverse rms size (σs), and
number of electrons (Ns) are relevant for calculating the
field. On the other hand, the high-energy “probe” beam
provides the large gamma factor γp to boost the experi-
enced rest-frame field. In fact, the quantum parameter
χp experienced by the probe beam is given by
χp ∼ γpαNs λ
2
c
σs`s
, with λc =
~
mc
≈ 3.9× 10−13 m. (1)
For the beam parameters considered here, the source
beam remains almost unaffected by the interaction with
the probe beam (see below and Ref. [8]). Furthermore,
the interaction is collisionless, i.e., the probe beam in-
teracts only with the collective electromagnetic field of
the source beam. As the probe beam is ultrarelativis-
tic, the quasiclassical approximation holds, i.e., particle
trajectories are calculated using classical electrodynam-
ics, whereas the emission itself is calculated quantum
mechanically [10–12]. The formation length for photon
emission for χ 1 scales as [34]
lf ∼ γλc
u1/3χ2/3
, u =
ω
1− ω , ω =
εγ
ε
. (2)
For photon energies εγ comparable to the initial energy
ε = γmc2 of the emitting electron and for the parame-
ters considered here, the formation length is much shorter
than the scale on which the electromagnetic field of the
source beam changes (lf  `s). Thus, the source-beam
field is locally constant during the photon emission pro-
cess [35–37], which allows to employ the differential radi-
ation probability in a constant homogeneous field where
the local value of χ and γ is used [8, 10, 11]
d2W
dt dω
=
α√
3piτcγ
{[
2 +
ω2
(1− ω)
]
K2/3
[
2ω
3χ(1− ω)
]
−
∫ ∞
2ω/[3χ(1−ω)]
dy K1/3(y)
}
. (3)
Here τc = ~/(mc2) is the Compton time, and Kν(x)
is the modified Bessel function of second kind [38].
Correspondingly, the local emission rate is dW/dt =∫ 1
0
dω d2W/dtdω, while the normalized emitted power
is dI/dt =
∫ 1
0
dω d2I/dt dω, where d2I/dtdω =
ωd2W/dtdω.
A detailed analysis of Eq. (3) reveals a distinctive fea-
ture of the photon emission spectrum which occurs ex-
clusively in the supercritical regime. Whereas d2W/dtdω
is a monotonically decreasing function of ω for χ . 16,
it develops a local minimum and maximum for χ & 16,
which results in a peak close to ω = 1 (see inset of Fig. 2
and Refs. [39, 40]). For χ > 16 the minimum and maxi-
mum are approximately located at
ωmin ≈ 0.754 + (15.7 + 0.146χ)
χ2
,
ωmax ≈ 1− (174 + 20χ)
15χ2
.
(4)
The height of the peak H is given by
H =
(d2W/dtdω)(ωmax)
(d2W/dtdω)(ωmin)
≈ 1.315 + 0.315χ
χ2/3
(5)
and provides a unique observable of the average χ of the
beam that is actually achieved during the interaction.
Note that the peak at ω ≈ 1 originates from the factor
(1− ω)−1, and guarantees that Eq. (3) conserves energy
even in the deep quantum regime χ 1. In fact, photon
emission with εγ > ε is impossible within the approxima-
tion that the energy transferred by the field during the
emission itself is negligible.
Figure 2 displays the normalized emission spectrum
I = d2I/dt dω(dI/dt)−1 and the normalized photon emis-
sion probability W = d2W/dt dω(dW/dt)−1 in four dif-
ferent regimes: (i) the critical regime (χ ∼ 1, orange
line), (ii) transition between the critical and the super-
critical regime (χ ∼ 10, black line), (iii) the supercritical
regime (χ ∼ 100, blue line), and (iv) the fully nonpertur-
bative regime (αχ2/3 ∼ 1 red line). Whereas electrons
still emit in a broad energy range for χ ∼ 1, a sharp
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FIG. 2. Normalized photon emission spectrum I =
d2I/dt dω(dI/dt)−1 and normalized probability W =
d2W/dt dω(dW/dt)−1 (inset) for χ = 1.6 (orange), χ = 16
(black), χ = 160 (blue), and χ = 1600 (red).
peak close to the initial electron energy (ω ≈ 1) appears
in the supercritical regime (χ > 16). The probability
of producing a photon with energy beyond ωmin already
exceeds 9% for χ > 60, and basically saturates to ap-
proximately 11% for χ & 800. However, the height of the
peak monotonically increases with increasing χ, i.e., the
quasimonochromatic features of the photon spectrum at
ω ≈ 1 increasingly improve [see Eq. (5) and Fig. 2].
In order to quantitatively investigate the photon emis-
sion spectrum 3D Monte Carlo simulations of beam-
beam collision were performed using the state-of-the-art
methodology [41–43]. In the simulations a 3D analyt-
ical solution of Maxwell’s equations was used for the
electromagnetic fields of the source beam (see Supple-
mental Material). The source beam has 10 GeV energy,
0.96 nC charge, `s = 100 nm bunch length (in the lab-
oratory frame), and σs = 300 nm transverse size. In
the laboratory, a maximum electric (magnetic) field of
Emax ≈ 2.6× 1014 V/m (Bmax ≈ 8.6× 105 T) is achieved
at an impact parameter of r ≈ 500 nm.
Note that the energy of the source beam is not relevant
for attaining large χp = F
∗
p /Fcr, where F
∗
p is the electric
field experienced by the probe beam in its rest frame. In
fact, expressed in terms of the electric (Es) and magnetic
fields (Bs) of the source beam in the laboratory frame,
one finds F ∗p = γp
√
(Es + vp ×Bs)2 − (Es · vp/c)2.
Here vp and γp are the velocity and the relativistic fac-
tor of the probe beam, respectively. As |Bs| ≈ |Es|/c
and |vp| ≈ c in the laboratory frame, the electric and
magnetic field of the “source” electron beam are equally
important in determining χp, and they depend only on
the source beam density in the laboratory. In practice,
however, longitudinal beam compression becomes only
feasible at sufficiently large gamma factors. The source
beam parameters considered here are comparable to
those achievable at the FACET-II facility at SLAC [44].
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FIG. 3. Photon emission probability. The solid orange, black
and blue lines report photons that originate from electrons
that emitted only once, only twice, and all final photons, re-
spectively. a) short interaction time (`s = 100 nm), single
emissions dominant b) long interaction time (`s = 2500 nm,
multiple emissions dominant. See the main text for further
details.
The probe beam has 100 GeV energy with 100 MeV
rms energy spread, 16 pC charge, `p = 300µm bunch
length, and σp = 50 nm transverse size. As a result,
the maximum electric (magnetic) field of the probe beam
Emax ≈ 8.7 × 109 V/m (Bmax ≈ 29 T) at r ≈ 80 nm is
much weaker and its density is much lower than for the
source beam. Thus, the source beam is basically unaf-
fected by the interaction as both collisions and energy
losses associated to the probe beam fields are negligible.
Due to the finite transverse size of the probe beam χp
ranges approximately from 75 to 77. For the above pa-
rameters the average emission probability per electron
is approximately 0.12. Note that nm-scale beam stabi-
lization and thus smaller than 1%-level fluctuations in χ
are feasible with state-of-the-art final focusing systems
[45–47]. In addition, each electron emits on average less
than once and photon emission occurs in a cone with
1/γp ≈ 5µrad opening angle around the emitting elec-
tron propagation direction [11, 48]. Hence, the angular
distribution of the emitted photons is to excellent accu-
racy the same as the electron beam angular distribution.
Figure 3a reports the photon energy distribution for
4electrons which emitted only one (two) photon(s) during
the interaction [orange (black) line] and the total photon
distribution (blue line). Accordingly, the photon spec-
trum is dominated by single emissions while secondary
and higher-order processes are suppressed (see also the
inset of Fig. 4). The peak height H obtained from simu-
lations (total spectrum, blue line) corresponds to χp ≈ 69
if Eq. (5) is employed. This value is within the 10% error
margin which we expect due to the presence of multiple
emissions. In fact, H provides a lower bound to χp, which
tends to the actual value in the limit of single emission.
Next, we consider the same parameters as above but
increase (decrease) the source beam length (transverse
size) by a factor of 25, i.e., employ `s = 2500 nm and
σs = 12 nm. This scaling leaves χp invariant [see Eq. (1)],
which is now reached at an impact parameter r = 20 nm.
To keep the variation of χp comparable to the first sim-
ulation, we also reduce the transverse size of the probe
beam to σp = 2 nm. As a result, the average number of
photon emissions per electron increases to approximately
3.0 (see Fig. 3b and Fig. 4). In contrast to the previous
simulation, the spectrum no longer exhibits a peak.
In order to explain this transition, we assume that
a probe particle experiences the supercritical quantum
regime (χp  1). As shown in Fig. 2, it is likely that this
particle emits a hard photon with ω ≈ 1. Due to the large
recoil, the probe particle has a much lower energy ε′ =
ε(1 − ω) after the emission. In the regime χp  1, the
scaling of the radiation probability Wp ∼ [`s/(λcγp)]1/3
(see Refs. [8, 10, 13]) implies that a particle with lower
energy has an increased radiation probability. There-
fore, the emission of a hard photon (ω ≈ 1) increases the
probability to emit a second photon, which is on aver-
age much softer. On the contrary, the emission of a soft
photon (ω  1) is less likely followed by a second emis-
sion. As a consequence, we expect the peak to vanish in
the total photon spectrum when multiphoton emissions
are dominant. Remarkably, the peak disappears also in
the one-photon emission spectrum (see the orange line in
Fig. 3b), which is naively not expected based on pertur-
bation theory (see below).
In the following the photon emission distribution is cal-
culated analytically. Assuming that the locally-constant-
field approximation (LCFA) holds, the single-photon
emission probability given in Eq. (3) is always applicable
for sufficiently small time intervals dt. Thus, the proba-
bility S(t, t′; ε) that an electron with energy ε does not
emit a photon during the time interval [t, t′] is given by
(see Supplemental Material)
S(t, t′; ε) = exp
[
−
∫ t
t′
dτ
dW
dτ
(ε, τ)
]
. (6)
Correspondingly, the electron “decays” exponen-
tially, with a radiative lifetime given by the total
emission probability per unit time dW (ε, t)/dt =
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FIG. 4. Number of emitted photons Nk as function of the
number of photon emissions k. Blue circles report the simu-
lation results, orange triangles the Poisson prediction. Main
plot: `s = 2500 nm, Inset: `s = 100 nm.
∫ ε
0
dε′ d2W (ε′, ε, t)/dt dε′. As ε′ = ε(1 − ω), the quan-
tities d2W/dtdε′ and d2W/dtdω are trivially related
[see Eq. (3)]. Note that in ab-initio S-matrix–based
calculations of the photon emission probability the
decay exponent S(t, t′; ε) appears self-consistently once
radiative corrections to the electron states are properly
taken into account (see Supplemental Material and
[49–51] for further details).
The probability (dP1/dε
′)(ε′, t) that an electron has an
energy within [ε′, ε′+dε′] at time t after radiating exactly
one photon is
dP1
dε′
(ε′, t) =
∫ t
−∞
dτ S(t, τ ; ε′)
× d
2W
dτ dε′
(ε′, εi, τ)S(τ,−∞; εi). (7)
Here and in the following, εi denotes the initial electron
energy, we implicitly assume that the work performed by
the external field is negligible compared to the electron
energy, and χ(t) is obtained from the electron trajectory.
Equation 7 explains the suppression of the peak even in
the one-photon emission spectrum when multiple emis-
sions become dominant (see Fig. 3). In fact, in the regime
χ  1 substantial recoil is likely, which implies ε′  εi.
Correspondingly, the decay exponent after the emission
S(t, τ ; ε′) is substantially smaller than it would be with
negligible recoil S(t, τ ; ε′ ≈ εi), i.e., the electron “ra-
diative lifetime” substantially decreases after the emis-
sion. Therefore, the high-energy part of the spectrum
ω = 1 − ε′/εi ≈ 1 is suppressed for sufficiently long in-
teraction time. Consequently, even the one-photon emis-
sion spectrum differs qualitatively from Eq. (3) (compare
Fig. 3a and Fig. 3b). Note that for short interaction times
S(t, τ ; ε′) ≈ 1 independently of the magnitude of the re-
coil [see Eq. (6)], and the spectrum coincides with Eq. (3).
Equation 7 can be easily generalized to n photon emis-
sions (see Supplemental Material for further details)
5dPn
dε′
(ε′, t) =
∫ t
−∞
dτ S(t, τ ; ε′)
×
∫ εi
ε′
dε
d2W
dτ dε′
(ε′, ε, τ)
dPn−1
dε
(ε, τ). (8)
In Eqs. (7), (8) we implicitly assumed that the local radi-
ation probability (d2W/dτdε′)(ε′, ε, τ) depends only on
the time τ at which the photon is emitted and on the
electron instantaneous energy ε. However, the position of
the electron and thus the instantaneous field strength de-
pends, in general, on the full history of previous emissions
and not just on τ and ε. This is a reasonable approxima-
tion when the particle is ultrarelativistic and the back-
ground field is sufficiently homogeneous, transversely.
Finally, we are interested in the asymptotic probabil-
ities Pn that an electron has emitted exactly n photons
during the interaction
Pn = Pn(∞), Pn(t) =
∫ εi
0
dε′
dPn
dε′
(ε′, t), (9)
with P0(t) = S(t,−∞; εi). In the classical limit (χ 1)
the recoil is negligible, thus S(t, τ ; ε′ ≈ ε)S(τ, t′; ε) ≈
S(t, t′; ε), and one finds that the number of emitted pho-
tons Pn follows a Poissonian distribution (see Supplemen-
tal Material and Refs. [52–54] for further details)
Pn =
Wn
n!
exp (−W), 〈n〉 =
∞∑
n=0
nPn =W. (10)
Here, the decay exponent W = ∫ +∞−∞ dτ (dW/dτ)(εi, τ)
factorizes, is independent of the number of emitted pho-
tons and constant across the spectrum. This is in sharp
contrast to the χ  1 regime, where it is highly proba-
ble that ε′  ε such that S(t, τ ; ε′)S(τ, t′; ε) 6= S(t, t′; ε)
and the decay exponent changes substantially when mul-
tiple photon emissions become probable, which results
in a qualitative change of the energy distribution even
for photons originating from electrons that emitted only
once (see the orange line in Fig. 3b).
In Fig. 4 the simulated distribution (blue circles) is
compared to the Poissonian prediction (orange triangles).
For short interaction times (inset of Fig. 4) P0 is domi-
nant, and the Poissonian approximation is valid. How-
ever, when χ  1 and Pn>0 is dominant, substantial
deviations are found (see the main plot of Fig. 4).
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In the following we report a fully three dimensional
(3D) analytical solution of Maxwell equations for a fi-
nite size charged beam (see Sec. I), describe the employed
Monte Carlo simulation technique in more detail (see
Sec. II), discuss the details of the derivation of the mul-
tiphoton emission distribution (see Sec. III), and show
how radiative corrections lead to the decay exponent in
an ab-initio QFT calculation (see Sec. IV).
I. THREE DIMENSIONAL ANALYTICAL
SOLUTION OF MAXWELL EQUATIONS
In this section, Gaussian units are used. State-of-the-art simulations of beam-beam interaction apply certain
approximations to describe the field configuration associated with the bunch charge [1]. Here we report an analytical
expression for the particle beam fields which exactly solves Maxwell’s equations. To this end we assume that in its
instantaneous rest frame the electron beam is cold. For the beam, we consider the following rest frame finite size and
cylindrical symmetric charge density distribution
ρ(x, y, z) =ρ0
e−
x2+y2
2σ2
2
[
erf
(
`− 2z
2
√
2σ
)
+ erf
(
`+ 2z
2
√
2σ
)]
, (1)
where ρ0 = eN/(2piσ
2`) is the peak charge density, and erf(x) is the error function, which is given by erf(x) =
(2/
√
pi)
∫ x
0
e−t
2
dt. The above charge density distribution describes a finite electron beam centered at the origin, with
cylindrical symmetry around the z axis, transverse rms size σ along the radial direction r =
√
x2 + y2, length ` along
the longitudinal axis z, and with N particles in the beam, each with charge e. For the charge distribution in Eq. (1),
we found the corresponding exact analytical solution by solving Maxwell equations. The corresponding electric field
components of the beam are
Ex(x, y, z) =
eNx
` (x2 + y2)
[ (`− 2z)erf(√(z− `2 )2+x2+y2√
2σ
)
√
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2σ
)
√
`2 + 4`z + 4 (x2 + y2 + z2)
(2a)
− e− x
2+y2
2σ2
(
erf
(
`− 2z
2
√
2σ
)
+ erf
(
`+ 2z
2
√
2σ
))]
;
Ey(x, y, z) =
eNy
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2The above field and charge density satisfy Maxwell equations exactly, i.e., ∇ ·E = 4piρ and ∇×E = 0, while B = 0
in the rest frame of the beam.
The fields of a beam moving along the positive z axis
with velocity v and relativistic factor γ are found via a
Lorentz transformation of the rest frame fields
Elabx (x, y, z, t) =γE
rest
x (x, y, γ(z − vt)), (3a)
Elaby (x, y, z, t) =γE
rest
y (x, y, γ(z − vt)), (3b)
Elabz (x, y, z, t) =E
rest
z (x, y, γ(z − vt)), (3c)
Blabx (x, y, z, t) =− γvEresty (x, y, γ(z − vt))/c, (3d)
Blaby (x, y, z, t) =γvE
rest
x (x, y, γ(z − vt))/c, (3e)
Blabz (x, y, z, t) =0, (3f)
where the superscript lab (rest) denote the laboratory
(rest frame) fields. One can explicitly verify that the
above fields satisfy the full set of Maxwell equations ex-
actly
∇ ·Elab = 4piρlab, (4a)
∇ ·Blab = 0, (4b)
∇×Elab + ∂B
lab
∂ct
= 0, (4c)
∇×Blab − ∂E
lab
∂ct
=
4pi
c
ρlabv, (4d)
ρlab(x, y, z, t) = γρrest(x, y, γ(z − vt)). (4e)
II. DESCRIPTION OF THE MONTE-CARLO
APPROACH
In this section, Gaussian units are used. Our imple-
mentation of stochastic photon emission by an electron or
a positron as well as the creation of an electron-positron
pair from an energetic photon in the presence of a strong-
background field are detailed in Ref. [2]. Here we summa-
rize the main steps. At each time step ∆t the quantum
parameter χ is calculated according to:
χ =
|e|~
m3c4
√
(εE/c+ p×B)2 − (p ·E)2, (5)
where ε and p are the particle energy and momentum,
respectively. The total probability of emitting a photon
dWrad
dt
=
∫ ε
0
d2Wrad(εγ)
dtdεγ
dεγ (6)
is calculated, where d2Wrad(εγ)/dtdεγ is the differential
probability for an electron/positron with energy ε to emit
a photon with energy εγ (see Eq. (4.24) in Ref. [3])
d2Wrad
dtdεγ
=
αm2c4√
3pi~ε2
1
(1 + u)
{
[1 + (1 + u)2]K2/3
(
2u
3χ
)
−(1 + u)
∫ ∞
2u/3χ
K1/3(y)dy
}
, (7)
where u = εγ/(ε−εγ) and Kν(x) are the modified Bessel
functions of second kind. For each electron and positron
a photon emission occurs if r1 < ∆tdWrad/dt, where 0 <
r1 < 1 is a uniformly distributed random number being
generated at each time step. The time step is chosen such
that the condition ∆tdWrad/dt 1 holds.
If the above-mentioned condition is fulfilled, the energy
of the emitted photon εγ is obtained as the root of the
sampling equation:∫ εγ
0
d2Wrad
dtdεγ
dεγ = r2
dWrad
dt
, (8)
where 0 < r2 < 1 is a uniformly distributed random
number independent of r1 being generated at each pho-
ton creation event. The direction of propagation of the
emitted photon is parallel to the momentum p of the
parental particle, as emission occurs within a cone with
opening angle of the order of 1/γ [3]. The event gen-
erator for the creation of an electron-positron pair from
a photon follows the same steps as for photon emission,
except that d2Wrad/dtdεγ is replaced by the differential
probability for a photon with energy εγ to convert into
an electron-positron pair d2Wpair/dtdε, which is given by
(see Eq. (3.50) in Ref. [3])
d2Wpair
dtdεe
=
αm2c4√
3pi~ε2γ
[
ε2e + ε
2
p
εeεp
K2/3
(
2ε2γ
3χγεeεp
)
+
∫ ∞
2ε2γ/3χγεeεp
dyK1/3(y)
]
, (9)
where χγ is the quantum parameter of the photon, εe is
the electron energy (0 < εe < εγ) and εp = (εγ − εe) is
the positron energy.
III. DERIVATION OF THE MULTIPHOTON
EMISSION DISTRIBUTION
Assuming that the locally-constant-field approxima-
tion (LCFA) holds, the single-photon emission probabil-
ity [3]
d2W
dt dω
=
α√
3piτcγ
{[
2 +
ω2
(1− ω)
]
K2/3
[
2ω
3χ(1− ω)
]
−
∫ ∞
2ω/[3χ(1−ω)]
dy K1/3(y)
}
, (10)
is always applicable for sufficiently small time intervals
dt. Here τc = ~/(mc2) is the Compton time and Kν(x)
is the modified Bessel function of second kind [4].
As the electron energy after emission ε′ is determined
by the initial electron energy ε and the normalized emit-
ted photon energy ω = εγ/ε via ε
′ = ε − εγ = ε(1 − ω),
3we obtain the relation
dW
dt
(ε, t) =
∫ ε
0
dε′
d2W
dtdε′
(ε′, ε, t)
= −
∫ ε
0
dε′
1
ε
d2W
dtdω
[ω(ε′, ε), ε, t]. (11)
In the following we focus on the final electron energy
spectrum (the derivation of the emitted photon spectrum
is completely analogous). Time integrals are calculated
along the electron trajectory, and we implicitly assume
that the work performed by the external field is negligi-
ble. This is rigorously exact, e.g., for magnetic fields.
We start with the “survival probability” S(t, t′; ε), i.e.,
the probability that an electron with energy ε does not
emit a photon during the time interval [t, t′]. Firstly, we
note that this probability should obey
S(t, τ ; ε)S(τ, t′; ε) = S(t, t′; ε), S(t, t; ε) = 1. (12)
Furthermore, it represents a solution to the differential
equation
d
dt
S(t, t′; ε) = −dW
dt
(ε, t)S(t, t′; ε). (13)
Thus, we obtain an exponential decay factor
S(t, t′; ε) = exp
[
−
∫ t
t′
dτ
dW
dτ
(ε, τ)
]
, (14)
and the total emission probability per unit time
dW (ε, t)/dt [see Eq. (11)] defines the electron radiative
lifetime.
It is useful to define the quantity (dPn/dε
′)(ε′, t),
which denotes the probability that an electron with ini-
tial energy εi (at t→ −∞) has emitted exactly n photons
during the time interval [−∞, t] and its final energy is
within the infinitesimal range [ε′, ε′+ dε′]. This quantity
is recursively given by
dPn
dε′
(ε′, t) =
∫ t
−∞
dτ S(t, τ ; ε′)
×
∫ εi
ε′
dε
d2W
dτ dε′
(ε′, ε, τ)
dPn−1
dε
(ε, τ). (15)
As the nth emission may happen at any time τ within
[−∞, t], one has to integrate over the emission time τ
and multiply the probabilities that there were a) exactly
n − 1 emissions until τ , b) an emission at τ and c) zero
emissions between τ and t. Similarly, the emitted energy
can be arbitrarily split between the last and the n − 1
emissions before. Thus, one also has to integrate over ε
in Eq. (15), which denotes the electron energy after the
first n− 1 emissions.
As the electron has a definite initial energy εi, we find
dP1
dε′
(ε′, t) =
∫ t
−∞
dτ S(t, τ ; ε′)
× d
2W
dτdε′
(ε′, εi, τ)S(τ,−∞; εi), (16)
which serves as starting point for the recursion specified
in Eq. (15).
A. Classical limit
Next, we focus on the asymptotic probabilities Pn that
an electron emits in total n photons during the interac-
tion
Pn = Pn(∞), Pn(t) =
∫ εi
0
dε′
dPn
dε′
(ε′, t) (17)
[P0(t) = S(t,−∞; εi)] and show that in the classical
limit, i.e., χ  1 such that ε′ ≈ ε, these probabilities
follow a Poissonian distribution [5, 6]
Pn =
Wn
n!
exp (−W), 〈n〉 =
∞∑
n=0
nPn =W, (18)
where exp (−W) = S(∞,−∞; εi) with [see Eq. (14)]
W =
∫ +∞
−∞
dτ
dW
dτ
(εi, τ). (19)
Note that in an S-matrix–based derivation of Eq. (18)
the appearance of the nonperturbative decay exponent
exp (−W) is a consequence of radiative corrections [5, 6].
It is shown in Sec. IV that this is also true here, i.e., that
in a QFT calculation exp (−W) = S(∞,−∞; εi) appears
as soon as radiative corrections to the electron/positron
wave function are taken into account. Therefore, radia-
tive corrections to tree-level diagrams need to be included
when exp (−W) significantly deviates from unity.
As the recoil is negligible in the classical regime,
only electron energies ε′ ≈ ε contribute significantly
to (d2W/dτ dε′)(ε′, ε, τ). Hence, we can replace all de-
cay exponents S(t, t′; ε′) in Eq. (15) and Eq. (16) with
S(t, t′; εi). Thus, we inductively find
dPn
dε′
(ε′, t) = S(t,−∞; εi)dP˜n
dε′
(ε′, t), (20)
where
dP˜n
dε′
(ε′, t) =
∫ t
−∞
dτ
d2W
dτ dε′
(ε′, εi, τ) P˜n−1(τ), (21a)
dP˜1
dε′
(ε′, t) =
∫ t
−∞
dτ
d2W
dτdε′
(ε′, εi, τ), (21b)
and
P˜n(t) =
∫ εi
0
dε
dP˜n
dε
(ε, t). (21c)
Furthermore, Pn = exp (−W)P˜n(∞) with exp (−W) =
S(∞,−∞; εi) and we obtain
d
dt
P˜n(t) =
dW
dt
(εi, t)P˜n−1(t). (22)
4As this system of differential equations is solved by
P˜n(t) =
1
n!
[∫ t
−∞
dτ
dW
dτ
(εi, τ)
]n
, (23)
we recover Eq. (18) in the limit t→∞.
B. Probability conservation
Finally, we verify that probability is conserved at all
times, i.e., that
∞∑
n=0
Pn(t) = 1. (24)
This follows from the time derivative
d
dt
Pn(t) =
∫ εi
0
dε
dW
dt
(ε, t)
×
[
dPn−1
dε
(ε, t)− dPn
dε
(ε, t)
]
, (25)
which is obtained from Eq. (15) after applying the inte-
gral identity∫ εi
0
dε′
∫ εi
ε′
dε f(ε′, ε) =
∫ εi
0
dε
∫ ε
0
dε′ f(ε′, ε). (26)
Eq. (25) implies that all terms cancel pairwise. The
derivatives of P0(t) = S(t,−∞; εi) and P1(t) [see
Eq. (16)] have to be calculated explicitly.
IV. QUANTUM CALCULATION OF THE
DECAY EXPONENT
In this section, as customary in QFT, natural units
(~ = c = ε0 = 1) are employed. In Sec. III, we have
derived the exponential decay factor [see Eq. (14)]
S(t, t′; ε) = exp
[
−
∫ t
t′
dτ
dW
dτ
(ε, τ)
]
, (27)
by imposing probability conservation. In an ab-initio
QFT calculation probability conservation is ensured by
the unitarity of the S-matrix. This has been verified ex-
plicitly for plane-wave background fields in [7, 8], where
radiative corrections to electron/positron states have
been calculated by solving the Dyson-Schwinger equation
(see Fig. 1).
In the following we assume that the laser field is lin-
early polarized, i.e., its field-strength tensor is given by
Fµν = fµνψ(φ), where |ψ| . 1 describes how the field
changes as a function of the laser phase φ = kx, fµν rep-
resents the peak strength of the field, and kµ denotes the
characteristic four-momentum of the laser photons.
If we consider the trajectory x(t) of a single elec-
tron/positron in a plane-wave laser field, the relation
φ(t) = kx(t) is invertible, where xµ(t) = [t,x(t)]. In
particular, one obtains dφ = (kp/m)(dt/γ), where γ is
the instantaneous Lorentz gamma factor. Denoting the
four-momentum of the particle by pµ(t) (p2 = m2), we
note that kp is a constant of motion and therefore also
χ = |e|
√
pf2p/m3.
After solving the Dyson-Schwinger equation to all or-
ders (see Fig. 1), the laser-dressed electron state (so-
called Volkov wave function [9]) obtains an additional
phase factor [7, 8]
Π(φ) = exp
[
i
∫ φ
−∞
dφ′ Φ(φ′)
]
. (28)
The function Φ(φ′) originates from the electron mass op-
erator and thus from radiative corrections. At one-loop
it is given by
Φ(φ) =
α
2pi
m2
kp
∫ ∞
0
dw
(1 + w)3
5 + 7w + 5w2
3z
f ′(z). (29)
Here, z = [w/χ(φ)]2/3, χ(φ) = χ|ψ′(φ)|, the spin-
dependent terms have been dropped, the prime denotes
a derivative with respect to the argument, and f(z) is
the Ritus function [10]
f(x) = i
∫ ∞
0
dt exp
[− i(tx+ t3/3)]
= piGi(x) + ipiAi(x), (30)
where Ai and Gi denote the Airy and Scorer function,
respectively [4].
Whereas the real part of Φ leads to a phase shift,
the imaginary part results in an exponential decay of
the single-particle states. This is expected, as an elec-
tron/positron in a background field is unstable with re-
spect to radiation.
The probability that no photon emission event occurs
in [φ,−∞] is given by |Π(φ)|2. Correspondingly, 2=Φ(φ)
denotes the probability to radiate a photon within [φ, φ+
dφ] and we expect that [see Eq. (11)]
2=Φ(φ) = dt
dφ
dW
dt
(ε, t) =
ε
kp
dW
dt
(ε, t). (31)
To show that Eq. (31) holds, i.e., that the quantum
result [see Eq. (28)] agrees with the semi-classical one [see
Eq. (27)], we employ integration by parts to show that
Φ(φ) =
α
2pi
m2
kp
∫ ∞
0
dw
(1 + w)2
×
[
f1(z) +
2 + 2w + 2w2
(1 + w)z
f ′(z)
]
, (32)
where
f1(z) =
∫ ∞
z
dt
[
f(t)− 1/t]. (33)
5= + + + · · · = +
= + + + + · · ·
FIG. 1. By solving the Schwinger-Dyson equation for the exact electron/positron wave function, a certain sub-class of radiative
corrections is taken into account to all orders [7, 8]. As a result, the one-particle electron/positron states become unstable and
the exponential decay factor given in Eq. (14) is self-consistently obtained.
Using the relations [4]
Ai(x) =
√
x
pi
√
3
K±1/3(ζ), (34)
Ai′(x) =− x
pi
√
3
K±2/3(ζ), (35)
with ζ = (2/3)x3/2, we finally obtain Eq. (31).
Note that the results obtained here imply that analyt-
ical calculations of diagrams with more than one vertex
have to take radiative corrections self-consistently into
account. Only in a regime where single-vertex diagrams
are clearly dominating, radiative corrections to tree-level
diagrams can safely be ignored.
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